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On freeze-out problem in relativisti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A nite unbound system whih is equilibrium in one referene frame is in general nonequilibrium
in another frame. This is a onsequene of the relative harater of the time synhronization in the
relativisti physis. This puzzle was a prime motivation of the CooperFrye approah to the freeze-
out in relativisti hydrodynamis. Solution of the puzzle reveals that the CooperFrye reipe is far
not a unique phenomenologial method that meets requirements of energy-momentum onservation.
Alternative freeze-out reipes are onsidered and disussed.
I. INTRODUCTION
Hydrodynamis is now a onventional approah to sim-
ulations of heavy-ion ollisions. Even review papers
[1, 2, 3, 4, 5, 6℄ do not omprise a omplete list of numer-
ous appliations of this approah. The hydrodynamis is
appliable to desription of hot and dense stage of nulear
matter, when the mean free path is well shorter than the
size of the system. However, as expansion proeeds, the
system gets dilute, the mean free path beomes ompa-
rable to the system size, and hene the hydrodynami
alulation should be stopped at some instant. All hy-
drodynami alulations are terminated by a freeze-out
proedure, while these freeze-out presriptions are some-
what dierent in dierent models. Moreover, the freeze-
out presriptions inlude reipes to alulate spetra of
produed partiles whih are of prime experimental in-
terest.
Historially the rst method for freeze-out was sug-
gested by Milekhin [7℄ in the ontext of the Landau hy-
drodynami model of multiple prodution of partiles in
high-energy hadron ollisions [8℄. Later, Milekhin's ap-
proah was ritiized by Cooper and Frye [9℄. Cooper
and Frye pointed out that Milekhin's approah does not
onserve energy and proposed their own reipe of the
freeze-out. In this paper we would like to disuss a puzzle
whih was in fat a prime motivation of the CooperFrye
approah [9℄ to the freeze-out in the relativisti hydro-
dynamis. This puzzle is losely related to the denition
of the relativistially invariant distribution funtion as it
was for the rst time advaned by S.T. Belyaev and G.I.
Budker [10℄.
II. THE PUZZLE
Let us onsider a droplet of matter (for simpliity on-
sisting of only nuleons), whih is haraterized by a total
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baryon number N , a total energy E and a total momen-
tum P, and oupies a volume V . To be preise, we
assume that this droplet is a losed system.
Let this droplet be desribed by an equilibrium distri-
bution (in onguration and momentum spae)
f(x, p) =
g
(2pi)3
1
exp {(pµuµ − µ) /T }+ 1
(1)
in the referene frame haraterized by 4-veloity uµ. Let
us all this frame as a omputation one
1
. This distribu-
tion is dened in terms of degeneray of the nuleon g,
hemial potential µ, temperature T and already men-
tioned 4-veloity uµ. The 4-veloity uµ is ommonly in-
terpreted as a veloity with whih the droplet moves as
a whole. We asssume that this distribution is homoge-
neous in the volume V . The last requirement is an im-
portant ondition of the equilibrium. Therefore, the x
dependene is in fat absent in Eq. (1). In partiular,
distribution funtion (1) denes the way how it hanges
under the Lorentz transformation.
In terms of this distribution funtion, the onserved
quantities of the droplet an be expressed as follows.
First we alulate baryon density (ρ) and elements of
the energy-momentum tensor (T µν) in the omputation
frame
ρ =
∫
d3p
p0
p0 f(p), (2)
T µν =
∫
d3p
p0
pµpν f(p) = (ε+ P )uµuν − gµνP, (3)
where ε and P are the proper energy density and pres-
sure, respetively. Then we multiply these quantities by
the volume V and thus obtain
N = ρV, (4)
E = T 00V = [(ε+ P )u0u0 − P ]V, (5)
P i = T 0iV = (ε+ P )u0uiV. (6)
Now we are able to formulate the puzzle. We know
that (E,P) is a 4-vetor, at least this is stated in all
1
i.e. that where the hydrodynami omputation takes plae.
2textbooks. To be preise, the fat that
Pµ =
∫
dV T 0µ (7)
is indeed a 4-vetor and that Pµ is independent of the
frame
2
(up to a Lorentz transformation), where it is al-
ulated, is proved, e.g., in Ref. [11℄
3
. Then the relation
P i/E
?
= ui/u0 ≡ vi (8)
should take plae, if vi is the veloity of motion of this
droplet as a whole. As we see from Eqs. (5) and (6), this
is not the ase. Than the questions arise: what is the
meaning of the 4-veloity uµ and what is the meaning of
the proper energy density ε and the pressure P?
Moreover, if we believe that the 4-veloity uµ is the ve-
loity of motion of this droplet as a whole and ε is the en-
ergy density in the droplet-rest frame, we an rst alu-
late Pµ in the droplet-rest frame (where uµ = (1, 0, 0, 0))
and then boost it into the omputation frame. Then we
arrive at another surprising result
E
?
= εu0V ∗, (9)
P i
?
= εuiV ∗, (10)
where V ∗ is the volume in the droplet-rest frame. Now
the above puzzle reads as follows. There exists no V ∗
whih makes Eqs. (9) and (10) ompatible with Eqs. (5)
and (6). This again makes us doubtful about interpreta-
tion of uµ, ε and P quantities.
In fat, preisely the ontradition between Eqs. (9)
(10), on the one hand, and Eqs. (5)(6), on the other
hand, motivated Cooper and Frye [9℄ to suggest their
reipe for the freeze-out, whih just avoids this ontra-
dition rather than resolves it.
III. RESOLUTION OF THE PUZZLE
Let us onsider what really happens to the equilibrium
distribution (1) under the Lorentz transformation. It is
onvenient to represent this distribution by an ensemble
of partiles as follows
4
f(x, p) =
∑
i
δ3(p− pi(t)) δ
3(x− xi(t)), (11)
where xi and pi are the oordinate and momentum of
the ith partile, respetively. The xi oordinates homo-
geneously populate the volume, V , of the droplet in the
2
Experts in the freeze-out prefer to all it as independene of the
3D hyposurfae in the Minkowski spae.
3
See also Ref. [12℄, where this proof is aommodated to the
problem of freeze-out in nulear ollisions.
4
Suh a representation is extensively used in Ref. [11℄.
omputation referene frame. By denition of the dis-
tribution funtion, all these partiles are onsidered at
the same time instant t. Integration of this distribution
funtion over d3p d3x with weights 1, p0 and p gives
N =
∑
i
1, E =
∑
i
p0i , P =
∑
i
pi, (12)
respetively, whih expliitly demonstrates that (E,P) is
indeed a 4-vetor.
Let us transform distribution from the omputation
frame (1), where it is simulated by Eq. (11), to the rest
frame of the droplet. To do this, we boost these parti-
les with some veloity −v∗ whih ertainly diers from
vi = ui/u0 in view of onsideration of the previous set.
Applying a Lorentz transformation to the ensemble of
partiles (11), we arrive at∑
i
δ3(p∗ − p∗i(t
∗
i )) δ
3(x∗ − x∗i(t
∗
i )), (13)
where quantities marked by
∗
orrespond to the rest
frame of the droplet and are obtaned by the Lorentz
transformation
5
t∗ = x sinhψ + t coshψ,
x∗ = x coshψ + t sinhψ, y∗ = y, z∗ = z, (14)
with tanhψ = v∗.
We do not all sum (13) a distribution funtion, sine
all partiles are taken at dierent time instants t∗i . This
is a diret onsequene of the Lorentz transformation
events whih are simultaneous in one referene frame are
not neessarily simultaneous in another one.
In order to obtain a distribution funtion from ensem-
ble (13), we should redue this ensemble to a ommon
time, e.g.,
t∗ =
∑
i
t∗i /N, (15)
where N is the number of partiles in this ensemble, f.
Eq. (12). To do this, we should move partiles forward
or bakward in time, depending on the sign of t∗ − t∗i .
After this redution the ensemble (13) already simulates
a distribution funtion in the droplet-rest frame:
f(x∗, p∗) =
∑
i
δ3(p∗ − p∗i(t
∗)) δ3(x∗ − x∗i(t
∗)). (16)
Doing this in general ase, we have to take into aount
that partiles at time t∗ in the droplet-rest frame have
exerised additional (or, vise versa, have not exerised all
those) interations as ompared to those in the ompu-
tation frame at time t. We will avoid these extra om-
pliations assuming that partile do not interat
6
. This
5
For deniteness, we assume that v
∗
is direted along the x axis.
6
Moreover, if a system is in a bound state, e.g. a old nuleus,
these additional/missed interations restore equilibrium in any
referene frame. Therefore, in this paper we onsider an inher-
ently unbound state of the system.
3ase is relevant to the problem of freeze-out. In this ase
p∗i(t
∗) = p∗i(t
∗
i ), (17)
x∗i(t
∗) = x∗i(t
∗
i ) + [p
∗
i(t
∗)/p∗0(t
∗)](t∗ − t∗i ), (18)
i.e. the momentum p∗i remains the same, but the oor-
dinate x∗i hanges.
Now we are able to analyze the result of the above
transformation. Let, for the sake of deniteness, the vol-
ume V be a Lorentz ontrated spherial volume [on-
trated with gamma fator γ∗ = (1−v∗2)−1/2℄. The oor-
dinates xi(t) homogeneously populate this volume. Sine
the xi(t) ensemble is taken at the same time instant,
transformed oordinates x∗i(t
∗
i ) homogeneously populate
the same but Lorentz unontrated volume, V ∗ = γ∗V .
Indeed, the linear transformation (14) preserves the spa-
tial homogeneity of this ensemble.
When we redue these oordinates to a ommon time
t∗, see Eq. (18), some high-momentum partiles (in the
droplet-rest frame) leave the V ∗ volume, while the most
part of low-momentum partiles remains in this volume.
Therefore, the Lorentz transformed distribution beomes
spatially inhomogeneous and thus even nonequilibrium.
This is purely relativisti eet, assoited with relative
harater of the time synhronization in the relativisti
physis. This eet is losely related to the fat that,
if even an unbound system was equilibrium at the initial
time instant, it beomes nonequilibrium at the next time
instant beause of inhomogeneous expansion of the sys-
tem. In partiular, this is the reason why we failed to nd
a volume V ∗ whih makes Eqs. (9) and (10) ompatible
with Eqs. (5) and (6). There exists simply no ommon
volume V ∗ for all partiles in the droplet-rest frame, if it
is assumed to be homogeneous in the omputation frame.
Nevertheless, the onventional interpretation of quanti-
ties entering the equilibrium distribution (1) and the way
of Lorentz transformation presribed by it are valid, if a
onsidered droplet is an open system surrounded by equi-
librium medium. Let us transform the distribution (11)
in the omputation frame by boosting it with the veloity
−v = −u/u0. Now let the volume V be a Lorentz on-
trated spherial volume [ontrated with gamma fator
γ = (1 − v2)−1/2℄. Then transformed oordinates x˜i(t˜i)
homogeneously populate a spherial volume, V˜ = γV .
However, in view of disussion in the previous set., the
total 3-momentum of the droplet in this tilded frame is
still nonzero, P˜ 6= 0. When we redue these oordinates
to a ommon time t˜, similarly to Eq. (18), some partiles
leave the V˜ volume, but at the same time other partiles
ome to this volume from the surrounding medium. Af-
ter this partile exhange with the medium the total 3-
momentum of the droplet, with already hanged partile
ontent, beomes really zero, and its momentum distribu-
tion is really desribed by Eq. (1) with uµ = (1, 0, 0, 0).
IV. PRACTICAL CONSEQUENCES FOR THE
FREEZE-OUT
Let us address the question of observable spetrum of
partiles originating from the frozen out droplet of mat-
ter. Reollet that this droplet is haraterized by the
total baryon number N , and total energy E, momentum
P, and volume V in the omputation referene frame. All
these quantities are known from solution the hydrody-
nami equations. Note that thermodynami quantities,
i.e. temperature and baryoni hemial potential are not
diretly known from hydrodynamis.
From the above disussion we see that rst we should
deide in whih referene frame this droplet is equilib-
rium. There are many possibilities to do this hoie.
A. Freeze-out in Computation Frame
The rst natural hoie is that the droplet is equilib-
rium in the omputation referene frame. Then we deter-
mine the hemial potential µ, temperature T , 4-veloity
uµ, and volume V from Eqs. (4)(6) and an equation
of state (EoS). With all parameters of the distribution
funtion (1) being dened, the invariant spetrum of ob-
servable partiles reads as follows(
E
dN
d3p
)
omp. frame
= V p0 f(p, x). (19)
This spetrum obeys onservations of the baryon number
N , total energy E and momentum P. Note that this
reipe of the freeze-out diers both from the Cooper
Frye one [9℄ and from Milekhin's one [7℄.
A shortoming of this reipe is that it is losely re-
lated to the referene frame of omputation. In priniple,
we ould do omputation in a dierent referene frame.
Note that an eetive freeze-out in kineti simulations of
heavy-ion ollisions ours in the same manner, i.e. the
history of partile ollisions is followed in the referene
frame of omputation.
B. Freeze-out in Loal-Rest Frame
Another natural onstrution is as follows. Let us start
as in the previous set., i.e. transform distribution from
the omputation frame (1), where it is simulated by Eq.
(11), to the droplet-rest frame. To do this, we boost
the system to the veloity −v∗ = −P/E whih ertainly
diers from vi = ui/u0 in view of the previous onsidera-
tion. Applying a Lorentz transformation to the ensemble
of partiles desribed by Eq. (11), we arrive at ensem-
ble of partiles desribed by Eq. (13). This ensemble
still does not simulate a distribution funtion, sine all
partiles are taken at dierent time instants t∗i .
Sine we onsider freeze-out proess, we are not in-
terested in time instants of these frozen-out partiles.
4Therefore, we artiially attribute the same time instant
[say, that of Eq. (15)℄ to all partiles without hanging
their momenta and oordinates. Then we arrive at an
equilibrium distribution funtion (16) but with
p∗i(t
∗) = p∗i(t
∗
i ), (20)
x∗i(t
∗) = x∗i(t
∗
i ), (21)
whih dier from (17)(18) only in denition of x∗i(t
∗).
This distribution takes plae in an unontrated volume
V ∗ = γ∗V .
From the pratial point of view, we should solve equa-
tions
N = ρ∗V ∗, (22)
V = γ∗V ∗, (23)
E = ε∗u∗0V ∗, (24)
P i = ε∗u∗iV ∗, (25)
supplemented by a EoS, in order to determine µ∗, tem-
perature T ∗, 4-veloity u∗µ, and volume V
∗
in terms
of whih the invariant spetrum of observable partiles
reads as follows(
E
dN
d3p
)
Milekhin
= V ∗ (pµu
∗µ) f∗(x, p), (26)
where f∗(x, p) is the equilibrium distribution funtion
dened in terms of thermodynami quantities with su-
persript
∗
, f. Eq. (1). This spetrum obeys onser-
vations of the baryon number N , total energy E and
momentum P. This method an be alled a modi-
ed Milekhin's freeze-out, sine equations of the origi-
nal Milekhin's method (4)(6) ertainly dier from (22)
(25). Preisely this method is used in the model of three-
uid dynamis [12, 13℄.
An advantage of this reipe is that the hoie of the
referene frame is unique and independent of the frame
of omputation. However, the entropy is not spetau-
larly onserved in this method and thereby requests for
a speial onsideration. The entropy onservation an be
taken into aount by replaing Eq. (23) by the equa-
tion of the entropy onservation, S = σ∗V ∗, where σ∗
is the entropy density in droplet-rest frame. This way
the volume V ∗ beomes an independent variable to be
determined from this set of equations rather than be-
ing rigidly dened by the Lorentz ontration fator γ∗.
It was found out that spetra alulated with this addi-
tional requirement of the entropy onservation oinide
with those based on Eqs. (22)(25) within 1%. It im-
plies that the entropy is fairly good onserved already
within the modied Milekhin's method dened by Eqs.
(22)(26).
It is important that two above methods of subsets.
IVA and IVB imply that the global freeze-out hyper-
surfae is in general disontinuous. This hypersurfae
is omposed of 3-dimensional piees ∆σ assoiated with
weight (∆σ nµp
µ), with whih this droplet is represented
in the total sum over all frozen-out droplets. Here nµ
is the normal 4-vetor to the piee ∆σ of the hyper-
surfae. In partiular, this weight is V p0 in Eq. (19)
[nµ = (1, 0, 0, 0) in the omputation frame℄ or V
∗(pµu
∗µ)
in Eq. (26) [nµ = u
∗
µ℄. An example of suh disontinuous
hypersurfae in (1+1) dimensions is presented in Fig. 1
(lower panel).
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Figure 1: (Color online) Freeze-out hypersurfae for hydrody-
nami evolution the 1D step-like slab of nulear matter. The
upper panel displays the CooperFrye hoie for the hypersur-
fae. The lower panel shematially illustrates the modied
Milekhin's presription, f. Eq. (26), for the hypersurfae.
Arrows indiate loal 4-veloities on this hypersurfae. This
gure is borrowed from Ref. [12℄.
C. CooperFrye Freeze-out
The CooperFrye hypersurfae [9℄ is onstruted on the
ondition that this hypersurfae is ontinuous, see Fig. 1
(upper panel). In the CooperFrye approah parameters
of the distribution funtion, µ, T and uµ, are determined
from Eqs. (4)(6). The invariant spetrum of observable
partiles is expressed as follows(
E
dN
d3p
)
CooperFrye
= ∆σ nµp
µ f(p, x), (27)
where nµ is the normal 4-vetor to the ∆σ piees of
the ontinuous hypersurfae. This formula annot be
already assoiated only with hoie of a referene frame.
It an be done, if nµn
µ = 1, i.e. if nµ is time-like.
However, no frame orresponds to nµn
µ = −1. Parts of
the hypersurfae with spae-like nµ are unavoidable on-
sequene of ontinuity of it. Preisely with these parts
5onneted is a problem of the CooperFrye method. If
nµp
µ < 0, ourring at spae-like nµ, the spetrum of
Eq. (27) is negative [14, 15℄. This is a severe problem of
the method. Note that above disussed reipes (19) and
(26) do not reveal this problem.
An important option of the above onstrutions is
weather the frozen-out matter is removed from the hy-
drodynami evolution or not. This removal is assoiated
with ertain drain terms, Q and Rν , in the r.h.s. of hy-
drodynami equations
∂µJ
µ = Q, (28)
∂µT
µν = Rν , (29)
where Jµ and T µν are the baryon urrent and energy-
momentum tensor, respetively. An example of suh
drain terms is presented in Ref. [12℄.
The CooperFrye method unambiguously implies that
the freeze-out does not aet the hydrodynami evolution
of the system, i.e. the frozen-out matter is not removed
from the hydrodynami phase: Q
CF
= 0 and Rν
CF
= 0.
The CooperFrye freeze-out, whih is applied in the ma-
jor part of hydrodynami alulations now, proeeds in
the following way. The hydro alulation runs absolutely
unrestrited. The freeze-out hypersurfae is determined
by analyzing the resulting 4-dimensional eld of hydro-
dynami quantities on the ondition of the freeze-out ri-
terion being met.
At the same time, the modied Milekhin's method
(26) and the freeze-out in the omputation frame (19)
an be used in both regimes. In both ases the energy
and momentum are onserved. Examples of the modi-
ed Milekhin's method with and without removal of the
frozen-out matter from the hydrodynami evolution are
presented in Ref. [12℄. The removal of the matter indeed
aets the system evolution. This inuene is illustrated
in Fig. 2. The freeze-out riterion used in this alulation
stated that the matter is frozen-out when the loal en-
ergy density ε gets lower than 0.4 GeV/fm3. The ε = 0.4
GeV/fm
3
harateristi urves alulated with and with-
out freeze-out turn out to be dierent. Note that the
value ε = 0.4 GeV/fm3 is ahieved right at the surfae of
the system, if the frozen-out matter is removed. At the
same time the ε = 0.7 GeV/fm3 harateristi urves,
whih lie quite deep inside the system, remain fairly un-
aeted by the freeze-out.
V. DISCUSSION
We onsidered a puzzle whih was in fat a prime moti-
vation of the CooperFrye [9℄ approah to the freeze-out
in relativisti hydrodynamis. The puzzle onsists in the
fat that naive alulation of the total energy-momentum
of unbound equilibrium system does not produe a 4-
vetor and, moreover, depends on the referene frame.
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Figure 2: (Color online) Charateristi urves, orresponding
to onstant values of the energy density ε, for hydrodynami
evolution the 1D step-like slab of the 4 fm width. Initial on-
ditions for this slab are onstruted on the assumption that
they are formed by the shok-wave mehanism in head-on
ollisions of two 1D slabs at E
lab
= 10 A GeV. Thus on-
struted initial state orresponds to the initial energy density
ε0 ≃ 3 GeV/fm
3
. Charateristi urves orrespond to ε = 0.4
and 0.7 GeV/fm
3
, alulated with (solid lines) and without
(dashed lines) removal of the frozen-out matter from the hy-
drodynami evolution. This gure is borrowed from Ref. [12℄.
We argue that a nite unbound system whih is equilib-
rium in one referene frame is in general nonequilibrium
in another frame. This is a onsequene of the relative
harater of the time synhronization in the relativisti
physis. Thus, naive assumption that this system is equi-
librium in any referene frame results in this puzzle. So-
lution of the puzzle reveals that the CooperFrye reipe
is far not a unique phenomenologial method that meets
requirements of energy-momentum onservation. Alter-
native freeze-out reipes are onsidered and disussed.
The above disussion onerned preisely phenomeno-
logial methods. Reently mirosopi treatments of the
freeze-out proess were advaned based on the Bolzmann
equation [16, 17℄ and KadanoBaym equations [18℄. It
was found that these mirosopi approahes approxi-
mately justify CooperFrye formula (27) but only on the
spae-like part of the freeze-out hypersurfae (i.e. pos-
sessing a time-like normal vetor). Note that on this part
of the hypersurfae the CooperFrye method is very lose
to the modied Milekhin's method (26) (f. Fig. 1) as
well as to the freeze-out in the omputation frame (19).
The CooperFrye formula on the time-like part of the
freeze-out hypersurfae is not reprodued by these treat-
ments. Preisely on this part the CooperFrye formula
essentially diers from two above mentioned alternative
methods and also meets the problem of the negative spe-
trum.
Two main onlusions have been drawn from these
mirosopi onsiderations. First, the frozen-out mat-
ter should be removed from the hydrodynami evolu-
6tion. This removal is important for the total energy-
momentum onservation. This onlusion testies er-
tainly not in favor of the standard CooperFrye method.
Another basi onlusion is that sharp freeze-out at some
3D hypersurfae is a rather rough approximation to the
spetrum formation, beause the freeze-out proess is
fairly extended in spae and time. It means that the
partile emission takes plae from an extended 4-volume
rather than from a 3-dimensional hyposurfae as it is
assumed in all above onsidered phenomenologial meth-
ods. This onlusion is also supported by kineti sim-
ulations, see e.g. [19℄. Therefore, it makes all above
phenomenologial methods questionable. However, the
numeri implementation of the mirosopi methods de-
veloped in Refs. [16, 17, 18℄ in 3D hydrodynami simu-
lations is highly ompliated, beause it requires integra-
tion over future evolution of the system for the alula-
tion of the partile emission at xed time instant. The
implementation performed in Refs. [17℄ is not quite on-
sistent, sine it does not take into aount the removal of
the freeze-out with the hydrodynami evolution. There-
fore, we still have to use phenomenologial methods of
freeze-out in atual hydrodynami simulations of heavy-
ion ollisions. The pending problem is to nd out whih
of the phenomenologial methods most losely simulates
results of the mirosopi methods.
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